Ce chapitre d'ouvrage collectif vise à présenter les extensions du modèle EU, basées sur l'intégrale de Choquet, qui permettent de tenir compte des comportements observés comme dans le paradoxe d'Allais dans le risque ou le paradoxe d'Ellsberg dans l'incertain, où il y a violation du modèle d'espérance d'utilité. Sous l'axiome clé d'indépendance comonotone, Schmeidler dans l'incertain, et Quiggin et Yaari dans le rique ont réussi à caractériser des préférences qui généralisent le modèle EU, à l'aide d'une fonctionnelle qui s'avère être une intégrale de Choquet. Ces modèles expliquent la plupart des paradoxes observés et permettent des comportements plus diversi…és à la fois dans l'incertain et dans le risque.
Introduction
The classical model of decision under risk, the Expected Utility model (von Neumann and Morgenstern (1947)), and under uncertainty, the Subjective Expected Utility model (Savage, (1954) ) have been proved to be often violated by observed behaviors, the most famous evidence being Allais paradox under risk and the Ellsberg paradox under uncertainty.
Among others, these two paradoxes have called into question these classical models.
To take into account these behaviors, Schmeidler (1982 Schmeidler ( ,1989 ) under uncertainty, and Quiggin (1982) and Yaari(1987) under risk have built new axiomatizations of behavior for which the EU (or SEU) model is a particular case.
Under a key axiom, namely the comonotonic independence axiom, an appealing and intuitive axiom requiring that the usual independence axiom holds only when hedging e¤ects are absent, Schmeidler, Quiggin and Yaari have, independently, succeeded to characterize the preferences by means of a functional that turned out to be a Choquet integral, under uncertainty as well as under risk. Choquet integral thus proved to be an important tool for decision making under risk and uncertainty.
Moreover, not only these models -with the generic term of Choquet Expected Utility (CEU) -explain most of the observed paradoxes but they also o¤er simple but ‡exible representations, allow for more diversi…ed patterns of behavior under uncertainty as well as under risk, and especially allow to separate perception of uncertainty or of risk from the valuation of outcomes.
The aim of this paper is mainly to emphasize the role of the models of behavior based on Choquet integral.
Notations and de…nitions
Let us recall some notations of the previous chapters.
S is the set of states of nature, E ½ 2 S a sigma-algebra of subsets of S, A 2 E an event and C the set of consequences. A decision is identi…ed to an act, which is a mapping from S to C.
The set of acts will be denoted V when the set of consequences is a set C.
The preferences between acts are represented by a binary relation denoted % on the set of acts V: Strict preference will be denoted Â and indi¤erence ». The preference relation on V induces (thanks to constant acts) a preference relation on the set C of consequences. Abusing notation, we equally denote % this preference relation on C.
An act f is a simple step act if there exists a …nite partition fA i ; i 2 Ig of S , with A i 2 E for all i 2 I, such that f (A i ) = fc i g -a singleton. When f is a simple step act, we will denote f = (c 1 ; A 1 ; :::; c n ; A n ) where c 1 -::: -c n :
In particular, a constant act, ± c is characterized by ± c (S) = fcg; c 2 C. 
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In the sequel we will need to di¤erentiate the two following particular cases:
² When the set of consequences is a subset of R and consequently already ordered, the set of acts will be denoted X: Furthermore, a simple step act will be denoted X = (x 1 ; A 1 ; :::; x n ; A n ) where x 1 · ::: · x n De…ning the characteristic function of A i : 1 Ai by : 1 Ai (s) = 1 if s 2 A i ; 1 Ai (s) = 0 otherwise, one denotes also by abusing notation,
² When the set of consequences Y is a set of lotteries (or equally, distributions of probability with …nite support) on a given set C of outcomes and when the set S of states of nature is …nite, the set of acts, equally the set of mappings from S to Y, will be denoted F 0 . In this case acts are called "horse lotteries". The set of consequences Y being a mixture set (see chapter 1), one can use this structure in order to de…ne, for all f and h in F 0 and all ® de [0; 1], the act ®f + (1 ¡ ®)h by :
(®f + (1 ¡ ®)h)(s) = ®f (s) + (1 ¡ ®)h(s) for all s in S.
For this operation, F 0 is also a mixture space.
The notion of comonotony.
The notion of comonotony appear to be crucial for the axiomatic of models that we will develop in this chapter. When the set of consequences is a subset of R ordered with the usual ordeŗ , the de…nition turns out to be: If two acts X and Y are comonotonic, they both "yield" at least the same payment in state s than in state s 0 and consequently any positive linear combination of these two acts will preserve this order. Thus, it is impossible to insure against the "variability" of the payments of a …nancial asset X, by purchasing an other asset Y which would be comonotonic with it. In other words: Two comonotonic acts with value in R cannot be used for hedging purposes (hedging).
Let us illustrate this notion with the help of the following example. Consider the …ve mappings de…ned on the space S = fs 1 ; s 2 ; s 3 g by:
Every mapping being comonotonic with a constant mapping, X 5 is comonotonic with all other decisions. The decisions X 1 and X 2 are comonotonic. X 1 and ¡X 3 are comonotonic (one also says that X 1 and X 3 are anti-comonotonic). X 4 presents no comonotonic relation with X 1 ; X 2 or X 3 . Note that comononotonicity is not transitive: X 4 is comonotonic with X 5 , X 5 is comonotonic with X 1 and nevertheless X 4 and X 1 are not comonotonic (for more information on comonotony, see Denneberg (1994) , Chateauneuf, Cohen and Kast (1997)).
The Choquet integral
In order to understand the models of decision under uncertainty that we will develop in the following section, let us give the de…nition of the Choquet integral (Choquet (1953) by …rst giving the de…nition of a capacity: De…nition 3 A (normalized) capacity v on (S; E) is a set-function from E to [0; 1] satisfying v(Á) = 0; v(S) = 1 and monotone i.e. :
8A; B 2 E; A ½ B ) v(A) · v(B) ; A capacity is said to be convex if :
Another usual denomination is supermodular or monotone of order 2 capacity.
When S is …nite, one considers E = 2 S : De…nition 4 For any measurable mapping X from (S; E) to R, the Choquet integral R Ch X dv is de…ned by:
² First note that Choquet formula remains unchanged if strict inequalities are replaced by weak ones.
² Note also that if v is a probability measure P, R Ch Xdv reduces to R XdP = E P (X); mathematical expectation of X with respect to P.
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² When X takes only a …nite number of values, one can write : X = ( x 1 ; A 1 ; :::; x i ; A i ; :::; x n ; A n )where x i 2 R; x 1 · ::: · x i · ::: · x n ; and where A i 2 E; (A i ) is a partition of S; the Choquet integral of X is then given by:
² Let C be a set of consequences, f be a mapping from S in C, u a nondecreasing mapping from C in R, by setting X = u ± f; X is a mapping from S to R, therefore one can de…ne for given u and v :
that we will call the Choquet expected utility -CEU-of the act f , CEU(f ) and that we will …nd again in the following sections.
Characterization of the Choquet integral
Schmeidler (1986) gave a characterization of functionals which are Choquet integrals and this characterization will be a crucial tool for the decision model initiated by Schmeidler and more generally for all Choquet expected utility models (CEU).
Characterization of the Choquet integral, 1986 :
Theorem 1 Let us consider the functional I : X ! R satisfying I(1 S ) = 1 and the two following conditions : (i)Comonotonic additivity : X and Y of X comonotonic imply I(X +Y ) = I(X) + I(Y ) (hence I(0) = 0);
(ii) Monotonicity : X¸Y on S implies I(X)¸I(Y ); Then by setting v(A) = I(1 A ) on E, one gets for all X in X:
This theorem is at the root of decision models under uncertainty based on Choquet integral.
Decision under uncertainty
Let us recall that by decision under uncertainty, we mean, in contrast with decision under risk, situations when there does not exist a given objective probability distribution on the set S of states of the world, available to the decision maker. We saw in chapter 2 of this volume that the classical SEU 
Ellsberg's paradox
According to the importance of Ellsberg's Paradox in order to construct extensions of the classical models, we just recall it here, although it has already been made explicit in chapter 2 of this volume. Ellsberg proposes to subjects the following situation: an urn contains 90 balls, whose 30 are red (R) and whose 60 are blue (B) or yellow (Y), in unknown proportion. So the number of blue balls may be from 0 to 60 and the complement consists of yellow balls. One will draw (at random) one ball from the urn and one asks the subjects to choose between the two following decisions: bet on (R) (decision X 1 ) or bet on (B) (decision X 2 ), then, independently, to choose between the following decisions:
2.1.1 Interpretation of Ellsberg's paradox in the framework of Savage Typically a majority of subjects make the following choices : X 1 Â X 2 and X 4 Â X 3 , consequently, as it has been proved in the previous chapter, such a behavior is incompatible with the Savage Sure-Thing Principle , one of the major axiom of the theory.
Moreover, as noticed by Machina and Schmeidler (1992) In the previous presentation of Ellsberg paradox, uncertainty is modelled through the set of the states of the world S 0 = fR; B; J g and bets are interpreted as mappings X : S 0 ! R:
We have seen, in chapter 2 of this volume, that Ellsberg's paradox is robust when, as Schmeidler (1989) , one considers Ellsberg's experiment in the context of Anscombe & Aumann (1963) : actually it turns out that the independence axiom AA3 is violated.
Uncertainty now concerns the composition of the urn: the set S of states of nature is composed of 61 states : S = fs 0 ; s 1 ; :::; s k ; :::; s 60 g;where a state s k stands for a given composition of the urn : "30 red balls, k blue balls and 60 ¡ k yellow balls ".
Let us call Y the set of all lotteries on C = f0; 100g, or equally of all probability distributions on C with …nite support. The uncertain prospect described by the act X i in the Savage framework is now characterized in the framework of Anscombe and Aumann, by the mapping g i from S to Y, g i : S ! Y in the following way:
To each state of nature s k of S, the consequence g i (s k ) is the lottery : (X i (R); 30=90 ; X i (B); k=90 ; X i (J ); (60 ¡ k)=90 ); or equally the lottery o¤ering X i (R) with probability 30 90 , X i (B) with probability k 90 , and X i (J ) with probability (60 ¡ k)=90 (see table 2.2 linked with the various acts in chapter 2 of this volume, paragraph 2.4.4).
If one assumes, as implicitly done by Schmeidler and Anscombe-Aumann that, under risk, the decison maker maximizes an expected utility (see Chapter 1 of this volume) with a von Neumann utility function u (which can be assumed without loss of generality such that u(0) = 0; u(100) = 1), one can also establish through a direct computation that, in the Anscombe-Aumann framework, the expected utility model under uncertainty cannot explain preferences described above : actually imagine that the decision-maker ascribes probabilities to the events s k , and that he behaves in accordance with the Anscombe-Aumann expected utility model, i.e. prefers h to g if and only if
Then, a simple computation shows that
Schmeidler's model in Anscombe-Aumann's framework
In order to explain such "paradoxes" and to separate perception of uncertainty from valuation of outcomes, Schmeidler (1989) has proposed a model which relaxes the usual independence condition while o¤ering a ‡exible but simple formula. As was previously pointed out, Schmeidler (1982 Schmeidler ( , 1989 ) has developed his model in the Anscombe-Aumann's framework. Hence, in this section, the set S of sets of nature is …nite and the events are the elements of E = 2 S . The set of consequences Y is the set of lotteries on a given set of outcomes C (i.e. Y is the set of probability distributions on C with …nite support). The set of acts is the set of mappings F 0 from S to Y also called "horse lotteries". Let % be the preference relation of the decision-maker on the set F 0 .
Comonotonic independence
Let us recall that, in Anscombe-Aumann framework, the subjective expected utility model , SEU (see Chapter 2 of this volume), obtains mainly through the following axiom:
Axiom 1 Independence axiom (Anscombe and Aumann) For all f; g; h in F 0 , and for all
We have seen that a great majority of behaviors contradict such an axiom (Interpretation of Ellsberg's paradox in Anscomb and Aumann). In order to weaken this axiom, Schmeidler introduced the de…nition of comonotonic acts and then the following weakened axiom:
Axiom 2 Axiom of comonotonic independence (Schmeidler) For all acts f , g and h in F 0 , pairwise comonotonic and for all
Roughly speaking, comonotonic independence requires the direction of preferences to be retained, provided hedging e¤ects are not involved. This intuition which is crucial in Schmeidler's model, will appear more transparent in Schmeidler's representation theorem (1989) .
By adding to this key axiom, some usual axioms as weak order and continuity, Schmeidler (1989) derives the characterization of his model where typical preferences observed in paragraph 3.2.1 become admissible.
Representation of preferences by a Choquet integral in Anscombe-
Aumann's framework
Schmeidler shows that the preference relation % on F 0 (the acts in AnscombeAumann's framework) satisfying the axioms previously described is represented by a Choquet integral with respect to a unique capacity v. More precisely, For all f and g in F 0 : f % g if and only if R Ch u(f (:))dv¸R Ch u(g(:))dv where u is the von Neumann utility function on the set Y of lotteries on C.
Notice that capacity v is substituted to probability P in Anscombe-Aumann's theorem.
The strategy of Schmeidler's proof consists in …rst noting that axiom 2 entails axiom 1 on the set of constant acts F c 0 , hence the existence of a vNM utility function u on the set Y of lotteries, and therefore the ability of linking in a natural way any act f = (y 1 ; A 1 ; :::
Then denoting by X 0 the set of such variables, Schmeidler shows in a second step that the preorder induced on X 0 , denoted % 0 is representable by a Choquet integral, equally, that there exists a capacity v on S such that:
Choquet expected utility (CEU) models in Savage's framework
By Choquet expected utility (CEU) models, we mean those non-additive models directly connected with the Choquet integral which, following pioneer's work of Schmeidler (1982 Schmeidler ( , 1989 in the Anscombe-Aumann framework, have been derived in Savage framework as for example by Gilboa (1987) or Wakker(1990). Savage framework seems more natural than Anscombe-Aumann one's where consequences are lotteries but there the axiomatization becomes more sophisticated.
Although Savage framework allows for more general consequence sets C, we will con…ne in this paragraph 2.3. to C = R, which permits a simple exposure of the main properties of CEU models.
So we consider a decision-maker making his choices inside the set X of acts consisting of all functions X : (S; E)! R, E-measurable and bounded where S is a set of states of nature and E a ¾-algebra of subsets of S. This decision-maker is in a situation of uncertainty, and % is a preference relation on X.
Simpli…ed version of Schmeidler's model in Savage's framework
In this framework, referred to as Savage's framework, and which …ts the …rst and simple presentation of Ellsberg's paradox, a simpli…ed translation of the comonotonic independence axiom of Schmeidler is as follows :
Axiom 3 Axiom of comonotonic independence (Chateauneuf, (1994) ):
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where for C = R, the de…nition of comonotonic acts is the one of de…nition 2.
Axiom 3.3?? of comonotonic independence requires to maintain the direction of preferences when adding the same act, as soon as no asymmetric reduction of uncertainty is involved through hedging e¤ects. On the contrary, in case of asymmetric reduction of uncertainty ( through hedging e¤ects), axiom 3.3?? allows for modifying the direction of preferences.
Example 3.1 below shows how such a behavior under uncertainty can be taken into account in a case where the acts give results depending of the realization of the event A or of the complementary event _ A.
Example 1
A A X 25000 15000 Y 12000 30000 Z 15000 25000 X + Z 40000 40000 Y + Z 27000 55000 Assume at the beginning indi¤erence between X and Y (X » Y ): Z is comonotonic with Y but not with X, Z may be used as a hedge against X but not against Y , and consequently an uncertain averse decision-maker may express after addition of the variable Z, the following strict preference :
Under the key comonotonic independence axiom and other classical axioms as weak order and continuity, it is then possible to deduce from these axioms a simpli…ed version of Schmeidler's model where preferences can be represented by a Choquet integral with respect to a capacity v, i.e.:
For all X; Y 2 X; X % Y if and only if
Note that this model is simpli…ed in the sense that utility of outcomes is linear, a consequence of the independence axiom of Chateauneuf (1994) .
Such a result is deduced from the fundamental theorem of Schmeidler (1986) , which characterizes the Choquet integral (1953)), and appears as a crucial tool for Schmeidler's model and more generally for Choquet expected utility(CEU) models .
Choquet expected utility model in Savage's framework
When utility of results is no longer necessarily linear, one gets the following classical de…nition of the Choquet expected utility model: with the help of a utility function under certainty u: R ! R, non-decreasing and de…ned up to an increasing a¢ne transformation and with the help of a personal evaluation of the likelihood of events through a capacity v. Preferences representation is given by I(u(X)) = R Ch u(X)dv, the Choquet integral of u(X) with respect to capacity v, de…ned for X 2 X by Z
Note that this CEU model generalizes equation (1) with a function u which is not necessarily linear.
For a simple step act X = (x 1 ; A 1 ; :::; x n ; A n ) = i=n P i=1
x i 1 Ai where x i 2 R;
Remark 1 One can interpret the behavior of a decision-maker using this model R Ch u(X)dv as follows: The decision-maker values X by …rst evaluating the utility of the minimum result x 1 he gets with certainty, and then adding the additional increases of utility u(
Example of computation of such a Choquet integral Let S = fs 1 ; s 2 ; s 3 g:
Let v be a capacity on S as below and X an act such that the values of u(X ) are given in the following table:
The evaluation of the Choquet integral I = R Ch u(X)dv depends of the ranking of a; b; c :
A classical integral, with an additive measure, would naturally take the same value whatever be the ranking of consequences.
We will now give the key axiom of CEU theory.
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The comonotonic sure thing principle
The main feature of the CEU model is to allow taking into account possible hedging e¤ects. For this purpose, the crucial axiom in the axiomatization of CEU, is the comonotonic sure thing principle (see for instance, Gilboa (1987) , Chew and Wakker (1996) ), a weakening of Savage's sure thing principle, which can be stated in the following way :
The comonotonic sure thing principle
where fA i g is a partition of S and x 1 · ::: · x i · ::: · x n ; y 1 · ::: · y i · ::: · y n are such that common result by any other common result which preserves the ranking i 0 for both acts X and Y .
This axiom expresses that, as long as acts remain comonotonic (i.e., no hedging e¤ect happens), there is no reason to change the direction of preferences when a common outcome is modi…ed.
Note, however, that even jointly with standard axioms of weak order, continuity and monotonicity, the comonotonic sure-thing principle fails to fully characterize CEU.
For instance, Wakker (1989) completes the axiomatization of the CEU model by strengthening axiom 3.4 to a "comonotonic trade-o¤ consistency" one.
We now turn to the ability of Schmeidler's model to handle uncertainty aversion (and symmetrically uncertainty appeal).
Uncertainty aversion
In his seminal papers, Schmeidler (1982 Schmeidler ( , 1989 has shown the great ability of his model to capture the concept of uncertainty aversion. He de…ned uncertainty aversion through convexity of preferences i.e. : 8f; g 2 F 0 ; 8® 2 [0; 1] ; f » g ) ®f + (1 ¡ ®)g % f , interpreting this axiom as "smoothing" or averaging potential outcomes makes the DM better o¤. This de…nition revealed as particularly meaningful since as proved by Schmeidler (1986 Schmeidler ( , 1989 , uncertainty aversion is equivalent to the capacity v being convex and since furthermore one has : Proposition 2 Schmeidler(1986) Let I : X ! R be a Choquet integral with respect to a capacity v, i.e.8X 2 X; I(X) = R Ch Xdv, then the two following conditions are equivalent: (i) v is convex ;
(ii) Core(v) 6 = Á where core(v) = ½ simply additive probabilitiesPonE t.q. P(A)¸v(A); 8A 2 E ¾ and for all X in X :
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This proposition o¤ers an attractive interpretation of uncertainty aversion in terms of pessimism : in Schmeidler's model, an uncertainty averse decisionmaker, behaves in the following way: he considers for every act, among all probability distributions P in core of v, the one giving the minimum expected utility E P u(f ) of this act, and then chooses the act which maximizes this minimum :
i.e. 8f; g 2 F 0 ; f % g i¤ Min
Such an interpretation would remain true for the CEU model (i.e. in Savage's framework) since for such a model, convexity of preferences is equivalent to v convex and u concave (see Chateauneuf and Tallon (2002) ).
Moreover, in the simple case of the CEU model with constant marginal utility (u(x) = x; 8x 2 R); one can give directly an interpretation in terms of hedging e¤ects, since there, convexity of preferences is equivalent to the following uncertainty aversion axiom (Chateauneuf (1994) ):
Notice that this uncertainty aversion axiom implies the comonotonic independence axiom and therefore characterizes the simpli…ed Schmeidler's model, where, moreover, v is convex.
This axiom allows for taking into account hedging e¤ects : since Z is not a hedge against Y but may be a hedge against X, hence X + Z may display a reduction of uncertainty with respect to Y + Z, and therefore X + Z may be preferred to Y + Z by an uncertainty averse DM.
Such an interpretation …ts particularly well for interpreting behaviors in Ellsberg's example : let us describe uncertainty in Ellsberg's example -in accordance with paragraph 3.2.1-by : S = fR; B; Y g ; E = 2 S : Let P be the set of all probability distributions on (S; 2 S ) compatible with the information (i.e. P = © probability distributions on (S; 2 S ) such that P (R) = 1=3 ª and let v de…ned by v(A) = Inf P P(A); 8A 2 E ; one obtains table 3.3.??
It is straightforward to show that v is a convex capacity 4 and that P = core(v). Let us compute I(X) = R Ch X dv for all considered acts : I(X 1 ) = 1=3 £ 100 > I(X 2 ) = 0 £ 100; thus X 1 Â X 2 I(X 4 ) = 2=3 £ 100 > I(X 3 ) = 1=3 £ 100; thus X 4 Â X 3 Consequently one can explain the behaviors in Ellsberg's paradox by uncertainty aversion.
The multi-prior model
We now consider the model "max-min" of Gilboa and Schmeidler (1989) . In this model, the agents have a set of a priori probability laws (and not a single one as in the Bayesian paradigm ) and use the maximin criterion for evaluating decisions through this set of initial beliefs (multiple prior ). 
This axiom is weaker than the usual independence axiom, since it applies only when adding a "common consequence" which is constant. This axiom is implied by the comonotonic independence axiom (axiom 3). The second axiom is the one of uncertainty aversion previously de…ned in Schmeidler's model(1989) :
Proposition 3 (Gilboa and Schmeidler (1989) ) Under the axiom of weak order, an axiom of monotony, an axiom of continuity and the axioms 6 and 7, there exists a set of probability measures P, closed and convex, and a utility function u of von Neumann: Y ! R such that:
THe function u is unique up to a positive a¢ne transformation, while the set P is unique if closed in the weak-star topology.
The interpretation of this representation is fairly simple. The decisionmaker behaves as if he had a set of a prior beliefs (instead of a unique one as in the expected utility model). In order to evaluate an act, he computes the expected utility of this act with respect to all probability distributions that he considers in P, and then takes the minimum. This last operation …ts to a pessimism attitude or uncertainty aversion. Note that by construction, this model can only take into account pessimistic behaviors and not "optimistic" behaviors or mixed behaviors.
Comparing multi-prior model with Choquet utility model
The multi-prior model is closely linked with the Choquet utility model. With this model, it is possible to interpret the Choquet capacity in terms of beliefs. Actually, from proposition 2 :
When the decision-maker's capacity is convex, this decision maker behaves as in a multi-prior model whose set of probability measures is given by the core of the capacity. The multi-prior model allows to give an "objective" foundation to the (subjective) capacity of the Choquet utility model; capacity which then represents the lower envelope of the family of probability measures of the capacity of the multi-prior model. Nevertheless, one should notice that every closed and convex family of probability measures is not necessarily the core of a convex capacity and therefore that the multi-prior model is not a particular case of the Choquet utility case with a convex capacity. Moreover the behaviors described by a Choquet integral with respect to a non-convex capacity cannot be described by the multi-prior model.
Remark 2
The behavior of a decision-maker of the multi-prior type may be considered as excessively pessimistic. In fact, in the next section we present the models of Ja¤ray (1989a Ja¤ray ( , 1989b ) and Ja¤ray-Philippe (1997) which model less extreme behaviors.
CEU model and lower and upper envelopes of a family of probability distributions
Ja¤ray (1989a, 1989b) and Ja¤ray and Philippe (1997) have proven that, under some conditions, it was possible to write a Choquet integral with respect to any capacity v as a linear combination ?? of two terms :respectively the minimum and the maximum of expected utilities with respect to a family of probability distributions, the weight between the two representing an index of pessimism.
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As we showed previously, in the Ellsberg experiment, the uncertainty can be summarized by the lower envelope v(:) = Inf P 2P P (:), and in this case, this capacity v is convex, allowing thus simpler formula, as we showed in proposition 2. ; indeed, if v is a convex capacity on (S; E), then 8X 2 X, min ©R XdP; P 2 core(v) ª = R Ch Xdv: Such situations of uncertainty, summarized by a lower envelope (i.e. a convex capacity) have been de…ned by Ja¤ray (1989a Ja¤ray ( , 1989b as being "regular uncertainty" De…nition 6 We are in a situation of regular uncertainty when the situation of uncertainty, de…ned by a family of probability distributions P on (S; E) is completely characterized by its lower envelope c where c(A) = Inf P2P P(A) and c is convex, meaning that P ={ P on (S; 2 S ); P¸cg. We will denote by C the upper envelope of P : C = Sup
This "regular uncertainty" can be encountered in natural situations as shown by Dempster (1967) . Let us assume (as in Dempster) that (-; 2 -; ¼) is a …nite probability space and that ¡ is a correspondence from -to E ¤ = E ¡fÁg, where E = 2 S and S is a …nite state space. Let us interpret ¡ as informing us that if $ 2 -occurs, then the true state s belongs to ¡($) (such a state space (-; 2 -; ¼) is called a message space) ; one can then states that each event A 2 E occurs with a probability at least equal to v(A) where v(A) = P B½A m(B), and m(B) = P f$2-;¡($)=Bg ¡(f$g); it can be shown that v is a belief function (i.e. a particular case of a convex capacity (see for instance Shafer (1976) and chapter 3 in …rst volume??). Now, in such situations of regular uncertainty ; it can be the case that a CEU decision maker don't have necessarily uncertainty aversion ( i.e. does not have necessarily a subjective assessment of events represented by a capacity v = c, but by a subjective assessment of events represented by a capacity v = ®c + (1 ¡ ®)C with ® 2 [0; 1] ; c being convex.
Such a behavior where the value of ® can be interpreted as the pessimism index due to Hurwicz, has been studied and axiomatized by Ja¤ray and Philippe (1997) who have shown that this behavior was compatible both with the CEU model and with the Ja¤ray (1989a,1989b).
Decision under risk
From now, we assume that there is an "objective" probability distribution P on (S; E) and that the decision maker knows it ; we say then that the decision maker is facing a problem of decision under risk.
Moreover, to make the exposition simpler, we suppose that the probability distribution P is ¾¡additive and non-atomic (i.e. 8A 2 E; such that P (A) > 0; 8® 2 (0; 1] ; 9B 2 E; B ½ A , such that P(B) = ®P(A)) ; thanks to these assumptions, the set X of acts generate any real bounded random variable.
Any element X of X is then a random variable whose probability distribution is P X . Let us denote F X the cumulative distribution function of X (8x 2 R; F X (x) = P fs 2 S=X(s) · xg = P S fX · xg), E (X) its expected value and L the set of all probability distributions of elements of X.
Since every X of X induces a probability distribution L(X ) on R, the preference relation % on X also induces a preference relation on L that (by misuse of notation) we also denote by %, under the following condition H 0 :
Condition H 0 (N eutrality): Two random variables with the same probability distribution are always indi¤erent.
Hence, under this condition, any axiomatization on (X, %) can be replaced by an axiomatization on (L, %).
Remark 3 Any discrete act X of X can be written : X = (x 1 ; A 1 ; : : : ; x k ; A k ; : : : ; x n ; A n ), where (A i ) (i = 1; :::; n) is a partition of S and x i the consequence of X on each A i : Under risk, the probability distribution of this random variable will be denoted : L(X ) = (x 1 ; p 1 ; : : : ; x k ; p k ; : : : ; x n ; p n ) with x 1 · x 2 · ¢ ¢ ¢ · x n , p i = P (A i )¸0, and
In the following, it can be useful to use also the following notation :
L(X) = (x 1 ; 1 ¡ q 1 ; x 2 ; q 1 ¡ q 2 ; : : : ; x n¡1 ; q n¡2 ¡ q n¡1 ; x n ; q n¡1 )
where, for i = 1; :::n ¡ 1,
In this section, we identify any consequence c with its Dirac probability distribution ± fcg .
EU model and Allais paradox
We have study in detail, in chapter 1 of this volume, the classical model of decision under risk : the Expected Utility (EU) model . As early as 1953, Allais has built a couple of alternatives for which a majority of subjects, confronted with that choices, choose in contradiction with the independence axiom and thus in violation with the EU model (see chapter 1, section 1.4.1.).
Since this experiment, known as Allais "paradox", has been a cornerstone to question the EU model, let us …rst recall, in this chapter, the original Allais paradox (Allais (1953) ).
Subjects were asked to choose between the following lotteries (say in thousand euros):
L 1 : win 1M with certainty or L 2 : win 1M with probability 0.89, 5M with probability 0.10, and 0 with probability 0.01 18
halshs-00348822, version 1 -22 Dec 2008
and then independently, to choose between the following lotteries: L 0 1 : win 1M with probability 0.11 and 0 with probability 0.89 or L 0 2 : win 5M with probability 0.10 and 0 with probability 0.90. Most subjects choose L 1 over L 2 , and L 0 2 over L 0 1 . These simultaneous choices violate the independence axiom. Indeed, de…ning P as the lottery yielding 1 M with probability 1 and Q as the lottery yielding 0 with probability 1=11 and 5 M with probability 10=11, one can check that:
where ± 0 is the lottery "win 0 with probability 1" and ± 1 is the lottery "win 1 M with probability 1 ". The observed choices are thus in contradiction with the independence axiom 5 . This experiment has been ran many times, on various populations of subjects with similar results: about 66% of the choices are in contradiction with the independence axiom.
Not only observed behaviors are in contradiction with EU theory, but also the EU model raised a theoretical di¢culty, namely, the interpretation of the function u (called von Neumann's utility) characterizing the DM's behavior : as pointed out by Allais himself, the function u has, in fact a double role of expressing the DM's attitude with respect to risk (concavity of u implying risk aversion) and the DM's valuation of di¤erences of preferences under certainty (concavity of u implying then diminishing marginal utility of wealth). These evidences have led researchers to built more ‡exible models. The RDU model that we will present in the next section, not only will disentangle attitude towards risk and satisfaction of outcomes, but also will be compatible with observed behaviors in Allais experiment.
The Rank Dependent Expected Utility model 3.2.1 De…nition of the Rank Dependent Expected Utility model
The Rank Dependent Expected Utility (RDU) model is due to Quiggin (1982) under the denomination of "Anticipated Utility". Variants of this model are due to Yaari (1987) , Segal (1987 Segal ( , 1993 and Allais (1988) . More general axiomatizations can be found in Wakker (1994) , Chateauneuf (1999) . 
² If the transformation function f is the identity function f (p)´p, then V (Z) = V u;I (Z) is the expected utility E[u(Z)] of the random variable Z.
² If the utility u is the identity function u(x)´x, then V (Z) = V I;f (Z) is theYaari functional (see Yaari (1987) ). In fact, Yaari axiomatized independently his model 7 .
² If both transformation and utility are identity functions, then V (Z) = V I;I (Z) is simply the expected value E[Z] of the random variable Z.
When Z is discrete, V (Z) can be written as
We can then interpret the evaluation of a RDU decision maker: he evaluate …rst, for sure, the utility of the worst outcome u(x 1 ) and then, weights the additional possible increases of utility u(x i ) ¡ u(x i¡1 ) by his personal transformation f (q i ) of the probability v i of having at least x i .
According to this interpretation, if the decision maker behaves in such a way that f(p) · p; it means that he underestimates all the additional utilities of gains. In this sense, we will call him pessimistic under risk. In the same way, u re ‡ecting now his satisfaction for wealth, concavity of u reveals diminishing marginal utility.
Remark 4 Let us notice that various attempts to generalize EU model by a functional likewise:
(x 1 ; p 1 ; : : : ; x k ; p k ; : : : ;
and f (0) = 0, f (1) = 1; failed because the only functionals compatible with the …rst order stochastic dominance is obtained for f (p) = p, meaning that this functional reduce to EU.
Allais "Paradox" is compatible with RDU model As an exercise, we can evaluate in a RDU model the di¤erent lotteries of Allais example. setting
1 are explainable by RDU theory for any f satisfying :1¡f(099) > f (0:11)¡ f (0:10); revealing that the same probability di¤erence 0:01 is considered as more important in the neighborhood of certainty.
Key axiom of RDU's axiomatization : comonotonic surething principle
The key axiom of the RDU model is the following :
Axiom 8 Comonotonic Sure-Thing Principle under risk 8 : Let P, and Q be two lotteries of L. P = (x 1 ; p 1 ; : : : ; x k ; p k ; : : : ; x n ; p n ) and Q = (y 1 ; p 1 ; : : : ; y k ; p k ; : : : ; y n ; p n ) be such that x k 0 = y k 0 ; then P º Q implies P 0 º Q 0 for lotteries obtained from lotteries P and Q by merely replacing the k th 0 common outcome x i 0 , by a common outcome x0 k 0 again in k th 0 rank both in P 0 and Q 0 :
This axiom from Chateauneuf (1999) , is very similar to Green and Julien's ordinal independence axiom (1988), to Segal's irrelevance axiom (1987), and comonotonic independence in Chew and Wakker (1996)( see also ChewEpstein (1989) , Quiggin (1989) , Wakker, (1994) ; it is clearly much weaker than Savage's sure-thing principle that requires no restriction on x' i0 :
Remark 5 In the statement of this axiom, the common modi…cation of the two lotteries do not change the order of the common outcomes in their respective distributions. The corresponding random variables canonically associated to the distributions ( X and Y taking respectively values x k and y k on sets E k with probability p k (k = 1; ::n) stay comonotonic.
To capture the real meaning of this axiom, let us come back to Allais' experiment where subjects have to chose …rst between L 1 and L 2; then independently, between L Pr Probabilities 0; 01 0; 89 0; 1
does not preserve the rank of the common outcome in the both modi…ed lotteries : more precisely, the common value 1M (with proba0.89) in L 1 and L 2 corresponds to an intermediate value whereas the common value 0M (with the same probability) corresponds to the smallest value. Thus, the two choices L 1 and L 0 2 do not contradict the previous Comonotonic Sure-Thing Principle.
A complete characterization of RDU model can be, for instance, obtained with the help of noncontradictory comonotonic trade-o¤s (see Wakker (1994) ), or else with a comonotonic mixture independence axiom, an adaptation of mixture independence, which underlines the role played not only by comonotony, but also by the extreme outcomes (see Chateauneuf, 1998) .
This attractive axiom is a central necessary axiom in the characterization of RDU, but, as in the case of CEU, even jointly with the standard axioms of weak order, continuity, monotony, this axiom fails to fully characterize RDU.
A complete characterization of RDU model can be, for instance, obtained with the help of noncontradictory comonotonic trade-o¤s (see Wakker (1994) ), or else with a comonotonic mixture independence axiom, an adaptation of mixture independence, which underlines the role played not only by comonotony, but also by the extrema outcomes (see Chateauneuf, 1998) .
More precisely, to characterize RDU model, Chateauneuf adds to the usual axioms of weak order, monotony, continuity and the Comonotonic Sure-Thing Principle under risk, the following axiom :
This axiom underlines the role played not only by comonomonicity but also by the security factors x 1 and y 1 in (1) and (2)and potential factors ( z 1 and t 1 in (4) and (5) Let us …rst show that the RDU representation can be viewed as a Choquet integral .
RDU representation is a Choquet integral
In the RDU model, the function f from [0; 1] to [0; 1] is increasing and satis…es f (0) = 0 and f(1) = 1. The corresponding "transformed" probability f oP is thus a capacity and the RDU functional is a Choquet integral with respect to this capacity v = foP . More precisely,
Remark 6 Let us notice by now, that if f is a convex function, then v = foP is a convex capacity (see e.g. Chateauneuf, (1991) or Denneberg, (1994) ). Moreover, if f is below the diagonal (i.e. satis…es f (p) · p; 8p 2 [0; 1]), then it can be easily seen that core(v) 6 = Á:
From CEU to RDU
It has been recognized by several authors including Wakker (1990) , Chateauneuf (1991) , that RDU model under risk can be derived from CEU model under uncertainty by merely postulating the respect of …rst order stochastic dominance. We will use this approach, …rst to get Yaari's model from the simpli…ed version of Schmeidler's model (section 2.2??), then to get RDU model from Choquet Expected Utility model.
Being under risk, we suppose that the objective probability P is compatible with the preference relation on (V,º). More precisely, we suppose : Let us notice that this axiom is actually weaker than the …rst order stochastic dominance axiom but proves to be equivalent in this framework. This axiom implies also the neutrality axiom stated at the beginning of the section. It can then be readily seen that the simpli…ed Schmeidler's model reduces to Yaari's model under the assumption of …rst order stochastic dominance (Wakker, 1990 , Chateauneuf, 1994 .
From general CEU model to RDU model Let us suppose that the preference relation on (V,º) satis…es all the axioms to get general CEU model characterized by v and u (see de…nition ??), then, A º B implies v(A)v (B): If moreover, the objective measure P on S satis…es …rst order stochastic dominance, again, since P(A)¸P (B) imply v(A)¸v(B); there exists then a unique transformation function f such that v = f oP. We get the following result due to Wakker (1990) :
Let the preference relation on (V,º) satis…es all the axioms to get general CEU, and let P be a probability distribution on S satisfying …rst order stochastic dominance, then the preference relation on (V,º) can be represented by the RDU model.
Di¤erent notions of Risk Aversion and their characterization in the RDU model
In the chapter 1 (decision under risk : the classical model), we already de…ned two notions of Risk Aversion (RA) : strong RA and weak RA. In the EU model, both notions have the same characterization: concavity of u . Let us recall these two notions here, before de…ning other ones. The most natural way to de…ne risk aversion is the following :
De…nition 8 a DM is weakly risk averse if he always prefers to any random variable X the certainty of its expected value E(X) ( weakly risk-seeking if he always prefers any random variable X the certainty to its expected value E(X),risk-neutral if he is always indi¤erent between X and E(X)).
An other possible way to de…ne some type of risk aversion is to de…ne it as aversion to some type of (mean preserving) increase in risk. All kinds of stochastic orders can then generate as many di¤erent kinds of risk aversion.
There exists, then, many di¤erent de…nitions of risk aversion but their di¤erent meanings have been hidden by the fact that, under expected utility theory, all are equivalent : they all reduce to the concavity of the utility function(see chapter 1, section 4.3.).
Let us give some usual de…nitions of (mean preserving) increase in risk and their corresponding de…nitions of risk aversion: 
This usual concept of (mean preserving) increasing risk is classically used in economics, since Rothschild and Stiglitz (1970) and we de…ne the corresponding notion of strong risk aversion : De…nition 9 A DM is then strongly risk averse if he is averse to any general (Mean Preserving) increase in risk, i.e. for any X and Y in V such that Y is a MPIR of X, he prefers X to Y (strongly risk seeking if he prefers Y to X , risk neutral if he is indi¤erent).
Monotone risk aversion
Quiggin (1992) brought to light that strong risk aversion may be a too strong concept, and introduced a new notion, monotone (mean-preserving) increase in risk, de…ned in terms of comonotonic random variables instead of a general mean-preserving increasing risk :
Y is a (mean preserving) monotone increase in risk (MPMIR) of X if and only if 9 
where Z is such that E(Z) = 0 and X and Z are comonotonic.
Before giving an important property of this notion, let us recall that F ¡1 (p) = inf fz 2 RjF(z)¸pg; and then we can interpret F ¡1 (p) as the highest gain among the least favorable p% of the outcomes.
Property : Lansberger and Meilijson (1994b) have proved that for two random variables with equal mean this notion is equivalent to the statistical notion of "dispersion" introduced by Lehmann (1976, 1979) 
is de…ned from (0; 1] into R by F ¡1 (p) = inf fz 2 RjF(z)¸pg, for all 0 < p < q < 1. Thus, if Y is MPMIR of X, all the interquantile intervals are shorter for X than for Y . Let us then de…ne the corresponding notion of Monotone Risk Aversion.
De…nition 10 A DM is monotone risk averse if he is averse to any monotone increase in risk i.e. for every pair (X,Y) where Y is MIR of X , he always prefers X to Y (monotone risk-seeking if he always prefers Y to X, risk-neutral if he is always indi¤erent between X and Y:
This notion of monotone risk aversion 10 is particularly …tted to RDU theory where comonotony plays a fundamental part at the axiomatic level. The order induced by monotone increasing risk is a very partial order since it can order very few pairs of random variables. The following notion compares more pairs and this notion of increasing risk is asymmetric in the sense that it treats di¤erently downside and upside risks. This notion will prove to be particularly …tted with deductible insurance (see Vergnaud, 1997) .
The following de…nition is due to Jewitt 11 (1989) under the name of Locationindependent Risk (see also Lansberger and Meilijson (1994a). The motivation of Jewitt was to …nd a notion of increase in risk that models coherent behavior in a context of partial insurance 12 .
Y is said to be a left monotone mean preserving increase in risk (LIR) of
F X (x)dx for all p 2 (0; 1). Again, we de…ne the corresponding notion of left monotone risk aversion :
De…nition 11 A DM is left monotone risk averse (respectively, left monotone risk seeking) if he is averse to any left monotone increase in risk, i.e. for any X and Y in V such that Y is a left monotone MPIR of X , the DM prefers X to Y (respectively, Y to X).
Remark 7
It can be readily seen that Strong risk aversion )Left motone risk aversion) Monotone risk aversion ) Weak risk aversion. The reverse implications are not true, in general. However, in the EU model, all these notions are equivallent and are reduced to the concavity of u.
Characterization of di¤erent notions of risk aversion in the RDU model
Contrary to EU model, in the RDU model, each of the di¤erent notions of aversion to risk has a speci…c characterization 13 . Gathering several results in di¤erent papers, we get the following results. Let a RDU decision maker be characterized by two di¤erentiable functions u and f :
1. A RDU Decision Maker is then strongly risk averse (respectively strongly risk-seeking) if and only if the utility function u is concave and the transformation function f is convex (respectively uconvex and f concave) (see Chew, Karni and Safra, 1987). 14 1 1 In Jewitt, the notion is given for X and Y with possibly di¤erent means. 1 2 See also Lansberger and Meilijson (1994a) on this subject. 1 3 Machina (1982a 1 3 Machina ( , 1982b was the …rst to notice that the equivalence between di¤erent notions of risk aversion in the EU model does not carry over to generalized models. 1 4 f convex implies that the capacity foP is convex. A RDU Decision Maker with probability transformation function f and di¤erentiable utility u is monotone risk averse if and only if his index of pessimism is greater than his index of non-concavity, i.e. P f¸Gu (see Chateauneuf, Cohen and Meilijson, 2005) . The most signi…cant feature of this result is that a DM does not need to have a concave utility function u to be monotone risk averse. u 0 (y) , called index of nonconvexity , which always satis…es T u¸1 and the value 1 corresponds exclusively to convexity.
A RDEU DM with probability perception function f and utility function u is monotone risk-seeking if and only if the DM's index of optimism exceeds the DM's index of non-convexity: O f¸Tu .
6. For a weak risk averse RDU decision maker, there is no known characterization but su¢cient conditions, not implying concavity of u (see Chateauneuf and Cohen, 1994) .
The interesting point of all these results is that RDU models not only allow to separate transformation of probability from valuation of outcomes but moreover explain much diversi…ed behaviors as, for instance, to be weakly risk-seeking with a diminishing marginal utility of wealth or to dislike risk (to 1 5 A transformation function f: [0; 1] to[0; 1] is star-shaped at 1 from above if for any x of R, x < 1,
is increasing. 1 6 A transformation function f: [0; 1] to[0; 1] is is star-shaped at 1 from below if, for any x of R, x < 1,
is decreasing. We will see, in the following chapter, "ordinal " extentions of the EU model.
